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TECHNICAL NOTE 2642

APPLTCATION OF LINEAR ANATYSIS TO AN EXPERTMENTAT
INVESTIGATION OF A TURBOJET ENGINE WITH
PROPORTTONAL SPEED CONTROL

By Marcel Dandols and David Novik

SUMMARY

Resulte of an analytical end a sea-level experimental investigation
of a turbojet engline with proportional speed control are presented.
Linear analysis and description of the engine as a first-order linear
system proved adequate for analytical predictlion of the response and the
stabllity of the controlled engine, although instabllity calculations
were found to be much more critical than response calculations.

On the basis of a compromise between speed of response and ogcllla-~
tions, an optimm loop gain was found. Increased loop galn increased the
gpeed of response and decreased the speed error but ultimately led to
instebllity characterized by an essentially constant frequency and con-
stant amplitude oscillation. Operabion near the limits of stability
required a decrease in control gain with decreasing engine speed.

INTRODUGTION

A current aspproach to synthesls of control systems for turbojet
engines involves the techniques of linear analyeis and synthesis
described in references 1 and 2 and thelr bibliographies. This
approach is predicated upon a knowledge of the dynamic characteristics
of the various components of the controlled system. Accordingly, con-~
giderable effort has been expended in obtaining the dynamic characteris-
tics of gas-turbine engines from experimental and analytical studies
(references 3 to 6). These investigations of ges-turbine engine dynamics
indicate that the englines may be considered linear for substantial excur-
gions from steady-state equilibrium points and that within the limits of
experimental accuracy the englnes appear to be first-order systems.

The adequacy of the linear technlques and data discussed in the
references may be ascertained by comparison of analytical results based
on these techniques and actual experimental data. An experimental
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investigation of a turbojet englne controlled by various types of control
system hes been Initlated at the NACA Lewis leboretory to provide experi-
mental data for this comparison and simultaneously to determine the char-
acteristics of the different types of control system utilized.

The results obtalned from the initial phase of the experimental pro-
gram, a sea-level experimental investigatlion of proportional speed con-
trol, are presented herein. Proportional speed control was selected as
the initial phase of the project because englne speed 1ls the controlled
variable in most englne conmbrol systems now 1In use and because propor-
tional control is a dominant factor in virtually every type of control
system. The results obtained from this investligation should be appliceble,
at least in part, to studies of any specific control system for turbojet
englines.

The use of a purely proportional control conslsting only of an ampli-
fication factor would not contribute any fundamental change to the dyna-
mics of the engine and if the engine is consldered as a first-order system
instability could not be obtalned and examined. In order to introduce the
possibility of instebility, the control system was permltted to contribute
geveral lags to the controlled englne system in sddition to the purely
proportional conbrol element. A nonlinearity other than the engine was
also included so that the adequacy of llnear analysls was severely tested.

APPARATUS
Englne

The turbojet engine used in thils investigation was of the axial~flow
type having a twelve-stage compressor, a single-annulus combustion cham-
ber, and a two-stage turbine. Experimentally determined steady-state
performance curves of the englne are shown in figure 1.

Control System

The englne control system conslisted essentlally of an electronic
amplifier with variable gain for amplification of an error slgnal emd an
oil system with a pressure regulating servovalve positlioned by the out-
put voltage of the electronic amplifier, such that a glven pressure
exlsts for each output voltage. The control oll pressure acts on the
gervopiston of a motor-driven constant-pressure fuel pump (reference 7)
which supplies a proportionel fuel pressure to the engine, For conven-
ience of anglysis and daba presentation, the oll system 1s considered as
part of the fuel system and thersfore the electronic emplifier can be con~
sidered as the proportional control element. A schematlc drawing of the
controlled engine system is shown in figure 2. Lags in the system include
the oil system, the fuel system, and the RIC (resistance-inductance-
capacitance) filter, as well as the engine.
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Instrumentation

Recorder. - All transient dabta were recorded on a multichannel
recording oscillograph. The osclllograph elements hed a sensltivity of
l-inch deflectlon per 0.43 mlllivolt and were damped to an effective
time constant of approximately 0.005 second.

Englne gpeed. - Trangslents in englne speed were measured by record-
ing the output of a small tachometer generator on the recording oscill-
ograph. The high freguency ripple from the generstor was filtered out
of the speed measuring circult with an RC (resistance-capacitance) cir-
cult filter. In the closed loop (fig. 2), where engine speed is fed
back into the loop and where phase shift and amplitude abtenuatlion became
Important, an RLC filter was utilized. The frequency response character-
1stics of both filters ave shown in figure 3.

Pregsures. - Transients In fuel pressure and control oll pressure
were measured with bridge-~type straln-gage pressure pickups energlzed by
e 3000 cycle carrler system. The epparent time constant of the pressure
measuring circuits was 0.02 second.

ENGINE DYNAMICS

Englne dynamics were obtained .by observing the responsge of the englne
variables to approximate step inputs 1n fuel pressure and to sinusoidal
fuel pressure changes of variable frequency. These tests were run with
an open loop system, that 1s, engine speed feedback was not used and the
electronic cootrol was omlitted.

Typical data showlng the response of -the uncontrolled englne are
shown in figure 4. Variables other than control oll pressure, fuel
pressure, and englne speed were obtained for further analysls but are
not discussed 1n this report. F¥rom these data, the corrected time con=-
gtant of engine speed with respect to fuel pressure was ohbtalned and is
shown In flgure 5 as a function of final corrected engine speed. The
time constants shown were obtalned from the frequency response charac-
teristics of the varlebles ag indicated by harmonic analyses of the data
obtained with digltal computer machines and by the response to sinusoi-
dal inputs. Frequency response characteristics of the engine, corrected
for the fillter characteristics, are shown in figure 6 for three engine
gpeeds. Frequency response characteristics of the fuel system, including
the oil system, were obtalned from sinusoldal inputs and are shown in
figure 7 for three engine speeds.
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RESULTS AND DISCUSSION
Bffect of L.oop Gain on Response and Error

Regponge. -~ The controlled engine system shown schematically in fig-
ure 2 was operated over a range of proportional control settings (gain
settings) for several conditions of engine speed. Transients were induced
by means of a step input in volbtage (NB of £ig. 2) into the electronilc
control and the responses of the variables were recorded. Data typilcal
of the responses obtalned are shown in figure 8. Traces shown for speed
error Ng-N also represent the negative of engine speed inasmuch as the

speed setting Ny 1is constant after the initlal step transient.

The loop gains shown In the data are defined as the product of the .
gaing at zero frequency of all the components in the closed loop (fig. 2)
such thet:

(control (o11 (fuel (engine) (tachameter)(tachometer
amplifier) system) pump) amplifier)

volts lb/sqL 1n\ b/sq 1n\ rpm volts volts
loop gein = (rolt) ( volt / 1b/sq :Ln/ 1b/sq in. TPm volt

= dimensionless guantity
These loop galns are calculated from step input Ny data fram the
expression

initlal error

final error 1 (1)

loop galn =

This equabion 1s valld for all controlled systems that do not contain an
Integral term hecause the final error in such systems 1s zero,

In order to show the comperative effect of different loop gelns on
the speed of response of the comtrolled engine, an arbitrary indication
of the 1nitlal speed of response was selected rather than the time
required for attaimment of equillbrium. This selection was made because
the tims required for equilibrium to be reached does not necessarily
decrease with increasing loop gain, Inasmuch as the osclllabtions result-
Ing from an underdamped system at hligh gain may take longer to damp out
es the galn is increased. The arbitrary criterion of response time was
taken as the time required for the englne speed to first attain 63 per-
cent of its ulbimate equilibrium speed and may be compared with the time
constant of the uncontrolled engine. The effect of increasing loop gain
on the response time of the controlled engine (time required for engine
to attain 63 perceat of equilibrium speed) is shown in figure 9 for three
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englne speeds. Flgure 9 indicates that the controlled engine responds
more rapldly as the loop galn increases, although the improvement in
response becomes less pronounced at the hiligher values of loop gain. The
response of the controlled engine at 84 percent maximm englne speed 1is
faster than at 90 percent maxlimm engine speed because the time constant
of the englne Increased slightly as the speed was lnoreased above 84 per-
cent maximm engine speed.

The effect of lags and higher-order systems on response is shown by
a comparison of the experimental data abt 84 percent maximum engine speed
with the theoretical response of a first-order system (fig. 10). The
flrgst-order curve is based only on the englne time constant at 84 per-
cent maximum engine speed and all other components are neglected. This
ocurve wes calculated from the operational equation

—G
1l+7Tqp
N , 1
7w (p) = ———_— (2)
NB ]_.l.._G_
l+1:lp

~ere Ty 1s the englne time constant at 84 percent of meximm englne
speed- (approximately 1.2 sec).

The comparison of the experimental data wlth the theoretlical first-
order curve indicates that the response time Increases for higher-order
gystems snd that the Improvement in response wilth increased galn becames
more marginal for a system with lags.

The response of & theorstical second-order system, the curve of which
is shown in figure 10, is calculated from the following operational
equation: ‘

G

(1 + i) (2 ; Top) (3)

T AT £ T,0)

T (
— (p) =
Ns 1

where, again,

T englne time constant

1

first-order approximation of oll and fuel systems obtalned from
63-percent point of response of fuel pressure to a step input
(0.28 sec, fig. 4(b))

T
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The higher-order system of the actual controlled engine has been
gimplified analytically by consldering it as only a second~order system.
The excellent agreement between the experimental data obtalned and the
caloulated second-order curve lindicates that many simplifying assumptions
may be made in calculabting response without causing appreciable deviations
from the experimentally obtalned response of a complex physical system.

Because the system becomes more and more underdamped as the loop
gain increases (fig. 8), the magnitude and duration of the oscillations
at high gain tend to negete the advantages of the improved initial
response. A criterion is therefore required that will compromise between
the fast initlal response at high gain and the oscillations incurred.
Such a criterion may reasonably be based on the time integral of the
square of the speed error produced by a given disturbance. The premise
is made that the best compromise hetween response and oscillations will
occur when this integral is a minimm. Mathematically, this relation

may be expressed as
U

£
(W, - Np)? at = mintmm

k21

The speed exrror is squared in order to glve a positive value to the
integral when the oscillations reswlt in negetive values of engine speed
with reference to the final englne speed (reference 8).

Values of this integral plotted against loop gain for three engine
speeds and & small plictorial representation of the meaning of the integral
are shown In figure 11. For the specific system used in this investiga-
tion, the values of the. integral tend toward a minimm which may be taken
to occur at a loop gain of @bout 8. According to figure 9, the reglon of
this minimm also corresponds to loop gains at which the Improvement in
response with increasing gain may be considered marginal.

Figures 9 and 11 indicate that a proportional control setting that
would give a loop galn of about 8 would result in optimum proportional
control on the basis of a compromise bebtween initial response and mini-
mum oscillation. For systems with less lag, this optimum gain would be

slightly higher,

Error. - An obvious characteristic of proportional speed control is
that as the gain 1s increased, the engine speed willl more closely approach
the speed setting, inasmuch as a smaller error N -N will be required

to support the englne speed at a given value. This characterlstic 1s
relatively unimportant when the desirabllity of arriving at an engine
gpeed close to the speed setting is considered, because the speed setting
throttle can always be calibrated or adjusted with allowance for the speed
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error. However, 1f the effects of disturbances cther than those initia-
ted from the control lever are considered, such as those from a plugged
fuel nozzle or large change in alrplane angle of attack, the relation
between gaein and error agssumes greater importance. EREguilibrium condl-
tions more closely corresponding to the original conditions will be
restored and the response willl be faster 1f the gain is high because

the entlire loop is mord sensitlive ab high gain and only a relatively
small change in error results 1n a comparatively large corrective signal
to the engins. '

Date typlcal of the engine respongse to a disturbance other than a
change in control setting are shown 1n figure 12, These data were
obtained by closing a solenold valve in one of two fusl lines in parallsl.
Because the fuel pump was a constant pressure pump, the lncreased resis-
tance to flow resulted 1n a decreased fuel flow from the pump.

The data presented show the sudden decrease in fuel pressure followed
by its gradual increase as the control system attempted to restore the
original equilibrium conditions. The englne speed following the fuel flow
disturbance responds more rapldly and more nearly returns to the original
value for the setting of higher gain. A plot of the difference between
Initial and flnal engine speeds for various values of loop galn 1s shown
in figure 13 for a constant value of disturbance in the fuel system equi-
velent to a 5 percent maximum engine speed change in the uncontrolled
engine. The calculated curve was obtained through the use of equation (1).

Flgures 12 and 13 show that as the galn 18 Increased the change in
error due to random disturbances decreases. This change In error 1s the
difference between the initial and final speeds as plotted on figure 13
and is actually a change in engine speed only, lnasmuch as the speed set-
ting Ny remains fixed.

Instability
Occurrence and nature of 1nstability. - As the galn settings were

increased, instability was eventually attained at each engine gpeed.
Typlcal instability data are shown in figure 14.

Controlled engine instabllity manifested itself as an essentlially
constant frequency arnd constant amplitude oscillation. The sinusoldal
charactorigtic of this instablility is indicabive of the system's linear-
ity, whereas the fact that the amplitude remalns approximately constant
15 indicative of 1limits and other nonlinearities within the system. As
an ideal linear system would oscillate with ever increasing amplitude,
the presence of nonlinearities has apparently stabilized the system to a
condition of steady oscillations.
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The oscillations illustrated in figure 14 were obtained at approxi-
mately the lowest posslble loop gains abt which instablility could be
attained. Ab successively higher englne speeds, the frequency of oscil-
latlons increased and the magnltude decreased from about 2 to 0.5 percent
of maximum engine speed. Further increasse in loop galin beyond the gein
at which instability first occurred resulted .in a slightly increased
amplitude and frequency of oscillation (these data are not shown). All
osclllations obtained represented unfavoreble conditlons of englne
operation.

Effect of Increased phase shift in gystem. ~ According to linear
theory, instability occurs when a loop galn of at least unity exists at
the frequency corresponding to a total phase shift of 180° between inputb
(error) and output (speed) of a closed loop system (references 1 and 2).
In order to indicate the effect of phase lag on Instability, the total
phase shift through the system therefore was Increased by substituting
the large phase lag RC filter for the RLC filter normally used (fig. 3).
Instability data shown in figure 15 were obtalned.

As a result of the Increase Iin phase lag, the maximum allowable
loop gain prior to attalmment of Instabllity was considerably reduced
at all englne speeds. A comparison of the loop gains at instablility
for the originsl system (with RIC filter) amd the system wlth increased
phase lag (RC filter) is shown in figure 16 over a range of engine speeds.

Comparigon of figure 14 with figure 15 shows that at the same engine
speeds, the original system osclllated at a higher frequency than the
system wlth increased phase lag. The greaber allowable loop gain prior
to instability and the higher frequency of osclllation agrees with linear
instebllity theory in that reduction of phase shift may be expected to
displace the 180° phase lag point to correspond to a higher frequency
and lower amplitude at a higher loop gain.

Prediction of loop gain at instability. - Although the type of
instabllity obtained in this investigation exhibited certain nonlinear
characteristics (see conbrol oil trace, fig. 15(a)), the linearity
apparent from the data indicated that reasonable estimates of the loop
gains corresponding to instabllity could be made. The method of calcu-
lation consisted in cascading the tramsfer fimctions of the components
within the cloged loop system, as represented by thelr frequency response
characteristics. By multiplying the amplitude ratlos and adding the
phase lags of the fuel system, the engine, and the RLC fllter, the over-
all frequency response of the system was obtalned for each specific
engine speed.

The amplitude ratios of each component and of the closed loop system
were taken as wmlty at zero frequency. The calculated gain at instabll-
ity was therefore the factor required to incresse the amplitude ratlio of
the closed loop system at 180° phase lag to a value of unity.
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The frequency response characteristics of the components are pre-~
sented in figures 3 (RIC filter), 6, and 7. The cascaded frequency
responge and calculated galin at Instabllity for the lnstabilities of
figure 14 are shown in figure 17. A comparlson of the calculated and
experimental data appears 1n the following tqble:

Englne speed| Measured Calculated Measured Calculated
(percent loop gain at| loop galn at| frequency at | frequency at
maximum) ingtabllity] instabllity| instability | I1instebility

(radians/sec)
64 12.2 10.0 4.3 3.7
80 10.0 12.0 7.5 6.4
88 9.6 12.5 9.8 7.5

Comparison of the calculated and actual gains at Instablility shows
that despite nonlinearities within the physical system, the loop gain
at instebility can be reagsonably predicted from a knowledge of component
dynamics. Frequency response deta for all the components in the system
were utilized for the calculations, however, and the polar plots of fig-
ure 17 show that small discrepancles in phagse angles could result in
large chenges in the calculated loop gain at Instability. Therefore the
linear analysis used iIn the 1nstability calculabtions 1s adequate if suf-
ficlent frequency response data for every component in the system are
avallasble. This conclusion constrasts wilth the fact that response time
can be calculated quite accurately despite rather broad simplifying
assumptlions as discussed previously. An example of the difference
between data required for Iinstablllity and response calculaetions 1s that
instgbility would not have heen obtained at any value of loop gain for
the second-order approximation used successfully in the calculation of
response.

Maximum Allowable Control Galn

The variation of loop gain with engine speed limited by instablility
is shown in figure 16. For both systems shown the loop galn at instabil-
1ty decreased with increasing engine speed. This trend, however, 1s not
directly indicatlve of the required varlation in control gain setting
(which may be considered as the independent variable with respect to loop
gain ad justment) because of the large varilation of engine gain and fuel
system gain with engine speed (fig. 18).

If lines of constant control galn are added to figure 16, the shape
of these curves will reflect the change in engine and fuel system gain
wlth engine speed as shown In figure 19. At a constant control gain,
deceleration from a high speed to a low speed could result in a trans-
ition from steble to unstable operation. For example, 1f operation is
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initially assumed at 92 percent maxlmum engine speed and a control gain
of 0.2, a deceleration at conmstant control gain would result in instabil-
ity at about 80 percent meximm engine speed bhecause the engline galin and
therefore the loop galn increases as the speed decreases. In order to
operate near maximum loop gain at all englne speeds, the control gain
must be adjusted so as to decrease with decreasing engine speeds, a
trend opposite to that exhibited by the loop gain.

Numbers shown on figure 19 for values of control galn are not quan-
titatively significant because they include a lumping of the tachometer
generator gain, tachamebter generator output amplifier gain, and electronic
control gain.

Mathematical Representation of Englne

The correspondence of the frequency response characterlistics of the
engine with theoretical first-order systems may be seen from the phase
against amplitude plots of figure 6. Deviations are apparent in the
middle region of phase shift bub at phase shifts above 80° the discrep-
ancles are negligible. Inasmuch as Ingtabllity occurred at englne phase
shifts greater then 80°, instability calculations based on theoretical
flrst-order curves would have given the same results at those obtalned
from actual deta. Flrgst-order linear representation of the englne there-
fore appears adequate for estimation of controlled engine characteristics,
Including prediction of the loop galn necessary to produce englne
Ingtability.

SUVMMARY QF RESULTS

Results from an analytlcal and experimental investigation of a
turbojet engine with proportional speed control were presented and dils-
cugsed. Description of the engine as & flrst-order llnear system and
linear analysls based primarily on frequency response technlques proved
adequate for calculatlon of response and Instabllity desplte certaln
nonlinearities in the controlled engine system. Whereas broad simpli-
fying assumpbtions were permissible in calculations of response, the pre-
dictions of instability required accurate knowledge of the frequency
regponse characteristics of every component In the system.

An optimm loop galn, based on a compromise between speed of response
and oscillations, was found to exlst, and for the specific system Investi-
gated, occurred at a loop galn of about 8. At higher loop galns, Instebll-
ity characterized by an essentially constent frequency and constent ampli-
tude oscilllation was abtbtained. The loop galns at which instabllity
occurred decreased with Increasing engine speed. Because of large changes
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in engine gain it was, nevertheless, ﬁecessary to decrease the control
galn with decreasing engine speed In order to permit stable operatlon.

As expected, the effect of increasing gain resulted 1n faster
response, more overshoot and oscillatlons, and more satisfactory restor-
ation of equilibrium for a random disturbance. Increased phase lag in
the system decreased the permissible loop gain limited by instability
end reduced the Improvement of increased galn on response.

Lewls Flight Propulsion Laboratory
National Advisory Committee for Asronautics
Cleveland, Ohlo, November 14, 1951
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APFENDIX - SYMBOLS

The following symbols are used in thils report:

Cc capacitance

G loop gain

L inductance

N englne speed

Ns engine speed setting

Ny engine speed at time +

N final englne speed

R resistance

t time

tf final time

ti initial time

‘temperature

Wg, alr flow

W_:f- fuel flow

e} pressure correctlon, ratlo of ambient pressure to sea-level
pressure

6 temperature correction, ratio of ambient temperature to sea-
level temperature

T time constant
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Final corrected engine speed, percent maximum

Figure 5. - Variation of engine time constant with engine speed.
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